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Abstract

A new approach is proposed to model a collective ion channel dynamics. We have assumed that ion channels create a two-component

spatio-temporal interaction field. Every channel at its current spatial location in membrane contributes permanently to this field with its state

(open or closed) and coupling strength to other channels. This field is described by a reaction–diffusion equation, the transition of ion

channel from closed to open state (and vice versa) is described by a master equation, and migration of channels in membrane is described by

a set of Langevin equations coupled by the interaction field. Within this model, we have investigated critical conditions for spatial

distribution of ion channel activity. D 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Voltage-gated ion channels are proteins responsible for the

generation of electrical signals in nerve and other excitable

cells. They work by selectively conducting ionic currents

through impermeable membranes [1]. Generally, the chan-

nels can switch between different conformational states,

which are conducting (open) or nonconducting (closed), with

voltage-dependent rates of transition. One consequence of the

voltage-dependent transition rates is the intrinsic noise an

ensemble of channels generates, which may lead to nontrivial

dynamics. The suggestion that the noise may be a source of

order rather than disorder, and that a biological organism

makes use of energy-driven fluctuations for the purpose of

signal and free-energy transduction was put forward almost

10 years ago by Astumian et al. [2]. In a recent study [3], the

fluorescence of a rat neurons stained with the voltage-sen-

sitive dye were optically excited in synchrony with electric

stimulation of the cell, and recorded with a high spatial re-

solution. During an action potential, the fluorescence patterns

exhibited clusters of different sizes corresponding to a non-

homogeneous distribution of electric field across the mem-

brane. To gain insight into this and related problems, we have

in this study further developed our model of ion channel

collective dynamics [4].

2. Stochastic model of channel state change and

migration

Let us consider a two-dimensional spatial system with

the total area A, with N ion channels. Each of them can be in

one of two opposite states (open and closed), denoted as

hi =F 1; i = 1,. . .,N. Here, hi is considered as a channel

parameter, representing an internal degree of freedom.

Within a stochastic approach, the probability pi(hi,t) to find

the channel i with the state hi, changes in the course of time

due to the following master equation:

d

dt
piðhi; tÞ ¼

X
hiV

wðhi j hiVÞpiðhiV; tÞ

� piðhi; tÞ
X
hiV

wðhiV j hiÞ: ð1Þ

Here, w(hiVjhi) means the transition rate to change the state hi
into one of the possible states, hiV, during the next time step,

with w(hijhi) = 0. In the considered case, there are only two

possibilities, either hi= + 1! hiV =� 1, or hi =� 1!
hiV= + 1. We will start with a simple assumption that the

change of states depends on the ‘‘impact factor’’ Ii, and a

noise intensity quantified by a ‘‘generalized temperature’’ T
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(more precisely, we should write kBT for the noise intensity,

but for simplicity we have put Boltzmann constant kB = 1). At

the thermal equilibrium, the generalized temperature is iden-

tical with the ordinary Boltzmann temperature, but in bio-

membranes may be significant additional stochastic fields of

various origins, therefore the generalized temperature may be

significantly higher than ordinary temperature. This excess of

noise may lead, e.g. to the increase of signal-to-noise ratio,

which is known as stochastic resonance effect [5].

A possible ansatz for the transition rate reads:

wðhiVjhiÞ ¼ g expfIi=Tg: ð2Þ

Here, g[1/s] defines the time scale of the transitions.

Within a simplified approach, every channel can be

ascribed a single parameter, the ‘‘strength’’, si. Furthermore,

an ion channel distance dij may be defined, which measures

the distance between each two channels (i, j) in a biomem-

brane space, which does not necessarily coincide with the

physical space. It is assumed that the impact factor between

two channels decreases with the distance in a nonlinear

manner. The above assumptions are included in the follow-

ing ansatz:

Ii ¼ �hi
XN

j¼1; jai

sjhj=d
n
ij þ ehi; ð3Þ

n > 0 is a model constant and e is the external influence,

which may be regarded as a global preference towards one

of the states. The long-range coupling between ion channels

arises from membrane-mediated direct energy interactions

[6], and also from global capacitative coupling [7]. As a

basic element of our theory, a scalar spatio-temporal inter-

action field hh(r,t) is used. Every channel contributes per-

manently to this field with its state hi and with its strength si
at its current spatial location ri. The interaction generated

this way has a certain life time 1/b[s], further, it can spread

throughout the system by a diffusion-like process, where Dh

[m2/s] represents the diffusion constant for interaction

exchange. We have to take into account that there are two

different states in the system, hence the interaction field

should also consist of two components.

The spatio-temporal change of the interaction field can

be summarized in the following equation:

@

@t
hhðr; tÞ ¼

XN
i¼1

si dh;hi dðr � riÞ � bhhðr; tÞ

þ DhDhhðr; tÞ: ð4Þ

Here, dh,hi
is the Kronecker Delta, indicating that the chan-

nels contribute only to the field component which matches

their state hi. d(r� ri) means Dirac’s Delta function used for

continuous variables, which indicates that the channels

contribute to the field only at their current position, ri.

The interaction field hh(r,t) influences the channel i as

follows: at a certain location ri, the channel in the state

hi= + 1 is affected by two kinds of interaction; the inter-

action resulting from channels which are in the same state,

hh= + 1(ri,t), and the interaction resulting from the channels

with the opposite states hh =� 1(ri,t). The diffusion constant

Dh determines how fast the interaction spreads, and the

decay rate b determines, how long a generated interaction

will exist.

For the change of states, we can generalize the transition

probability, Eq. (2), by replacing the impact factor Ii with

the influence of the local interaction field. A possible ansatz

reads:

wðhiV j hiÞ ¼ g expf½hh Vðri; tÞ � hhðri; tÞ�=Tg

wðhi j hiÞ ¼ 0 ð5Þ

As in Eq. (2), the probability to change state hi is rather
small, if the local field hh(ri,t), which is related to the

support of state hi, overcomes the local influence of the

opposite state. This effect, however, is scaled again by the

generalized temperature T, which is a measure for the

randomness in channel interaction. Note that this temper-

ature is measured in units of the interaction field.

The complete dynamics of the ensemble of ion channels

can be formulated in terms of the canonical N-particle

distribution function

Pðh; r; tÞ ¼ Pðh1; r1; . . . ; hN ; rN ; tÞ; ð6Þ

which gives the probability to find the N channels with the

states h1,. . .,hN in the vicinity of r1,. . .,rN on the biomem-

brane surface A at time t. Considering both state changes

and movement of the channels, the master equation for

P(h,_r,t) reads:

@

@t
Pðh; r; tÞ ¼

X
h Vah

h
wðh j hVÞPðh V; r; tÞ

� wðh j hVÞPðh; r; tÞ
i

�
XN
i¼1

�
5iða5ihhðr; tÞPðh; r; tÞÞ

� DnDiPðr; h; tÞ
�
: ð7Þ

The first line of the right-hand side of master describes the

‘‘gain’’ and ‘‘loss’’ of channels (with the coordinates

r1,. . .,rN) due to state changes, where w(hjhV) means any

possible transition within the state distribution hV, which
leads to the assumed distribution h. The second line

describes the change of the probability density due to the

motion of the channels on the surface. Eq. (7) together with

Eqs. (4) and (5) forms a complete description of our system.
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3. Critical conditions for spatial separation of ion

channel activity

Starting with the canonical N-particle distribution func-

tion, P(h,r,t), Eq. (7), the spatio-temporal density of chan-

nels with state h can be obtained as follows:

nhðr; tÞ ¼
Z XN

i¼1

dh;hi dðr � riÞ


 Pðh1; r1 . . . ; hN ; rN ; tÞ dr1 . . . drN : ð8Þ

Integrating Eq. (7) according to Eq. (8) and neglecting

higher order correlations, we obtain, using the transition

rates from Eq. (5), the following reaction–diffusion equa-

tion for nh(r,t)

@

@t
nhðr; tÞ ¼ �5

h
nhðr; tÞa5hhðr; tÞ

i
þ DnDnhðr; tÞ

�
X
h Vah

½wðhVj hÞnhðr; tÞ

þ wðh j h VÞnh Vðr; tÞ�: ð9Þ

With h={ + 1,� 1}, Eq. (9) is a set of two reaction–

diffusion equations, coupled both via nh(r,t) and hh(r,t).

Inserting the densities nh(r,t) and neglecting any external

preferences, Eq. (4) for the spatial interaction field can be

transformed into the linear deterministic equation:

@

@t
hhðr; tÞ ¼ snhðr; tÞ � bhhðr; tÞ þ DhDhhðr; tÞ: ð10Þ

The solutions for the spatio-temporal distributions of chan-

nels and states are now determined by the four coupled

equations, Eqs. (9) and (10). For our further discussion, we

assume again that the spatio-temporal interaction field

relaxes faster than the related distribution of channels into

a quasi-stationary equilibrium. From Eq. (10), we find with

(D/Dt)hh(r,t) = 0 and Dh = 0:

hhðr; tÞ ¼
s

b
nhðr; tÞ; ð11Þ

which can now be inserted into Eq. (9), thus reducing the set

of coupled equations to two equations.

The homogeneous solution for nh(r,t) is given by the

mean densities:

n̄h ¼ hnhðr; tÞi ¼
n̄

2
: ð12Þ

Under certain conditions however, the homogeneous state

becomes unstable and a spatial separation of ion channel

activity occurs. In order to investigate these critical con-

ditions, we allow small fluctuations around the homoge-

neous state n̄h:

nhðr; tÞ ¼ n̄h þ dnh;
dnh

n̄h

����
����K1: ð13Þ

Inserting Eq. (13) into Eq. (9), a linearization gives:

@dnh

@t
¼ Dn �

as n̄
2b

� 	
Ddnh þ

g s n̄

bT
� g

� 	
ðdnh � dn�hÞ:

ð14Þ

With the ansatz

dnhfexpðkt þ ikrÞ ð15Þ

we find the dispersion relation k(k) for inhomogeneous

fluctuations with wave vector k:

k1ðkÞ ¼ �k2C þ 2B; k2ðkÞ ¼ �k2C

B ¼ g s n̄

bT
� g; C ¼ Dn �

asn̄
2b

:

ð16Þ

For homogeneous fluctuations, we obtain from Eq. (16)

k1 ¼
2 g s n̄

bT
� 2 g; k2 ¼ 0 for; k ¼ 0; ð17Þ

which means that the homogeneous system is marginally

stable as long as k1 < 0, or s n̄/bT < 1. The condition B = 0

defines a critical generalized temperature

T c
1 ¼ s n̄

b
: ð18Þ

For temperatures T < T1
c, the homogeneous state nh(r,t) =

n̄/2, where channels of both states are equally distributed,

becomes unstable and the spatial separation process occurs.

This is in direct analogy to the phase transition obtained

from the Ising model of a ferromagnet. Here, the state with

T>T1
c corresponds to the paramagnetic or disordered phase,

while the state with T < T1
c corresponds to ferromagnetic

ordered phase.

The conditions of Eq. (17) denote a homogeneous sta-

bility condition. To obtain stability against inhomogeneous

fluctuations of wave vector k, the two conditions k1(k)V 0

and k2(k)V 0 have to be satisfied.

Taking into account the critical temperature T1
c, Eq. (18),

we can rewrite these conditions, Eq. (16), as follows:

k2ðDn � Dc
nÞ � 2g

T c
1

T
� 1


 �
� 0 ð19Þ

k2ðDn � Dc
nÞ � 0:

Here, a critical diffusion coefficient, Dn
c results from the

condition C = 0:

Dc
n ¼

a
2

sn̄

b
: ð20Þ

Hence, the condition Dn>Dn
c denotes a second stability

condition. In order to explain its meaning, let us consider

that the diffusion coefficient of the channels Dn, may be a
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function of the generalized temperature T. This is reasonable

since the generalized temperature is a measure of random-

ness in channel interaction, and an increase of such a

randomness leads to an increase of a random spatial migra-

tion. The simplest relation for a function Dn(T ) is the linear

one, Dn = lT. By assuming this, we may rewrite Eq. (19)

using a second critical temperature, T2
c instead of a critical

diffusion coefficient Dn
c:

k2lðT � T c
2Þ � 2g

T c
1

T
� 1


 �
� 0 ð21Þ

k2lðT � T c
2Þ � 0:

The second critical temperature, T2
c, reads as follows:

T c
2 ¼ a

2l
sn̄

b
¼ a

2l
T c
1 : ð22Þ

The occurrence of two critical temperatures T1
c and T2

c

allows a more detailed discussion of the stability conditions.

Therefore, we have to consider two separate cases: (1)

T1
c>T2

c and (2) T1
c < T2

c. In the first case, T1
c>T2

c, we can

discuss three ranges of the temperature T:

(i) For T>T1
c, both eigenvalues k1(k) and k2(k), Eq. (16),

are nonpositive for all wave vectors, k, and the homogenous

solution n̄/2 is completely stable.

(ii) For T1
c>T>T2

c the eigenvalue k2(k) is still nonpos-

itive for all values of k, but the eigenvalue k1(k) is negative
only for wave vectors that are larger than some critical value

k2>kc
2:

k2
c ¼

2g
lT

T c
1 � T

T � T c
2

: ð23Þ

This means that, in the given range of temperatures, the

homogeneous solution n̄/2 is metastable in an infinite

system, because it is stable only against fluctuations with

large wave numbers, i.e. against small-scale fluctuations.

Large-scale fluctuations destroy the homogeneous state and

result in a spatial separation process, i.e. instead of a

homogenous distribution of states, channels with the same

state form separated spatial domains which coexist.

(iii) For T < T2
c both eigenvalues k1(k) and k2(k) are

positive for all wave vectors k, which means that the

homogeneous solution n̄/2 is completely unstable. On the

other hand, systems with spatial dimension L < 2p/kc are

stable in this region.

In the second case, T1
c < T2

c, which corresponds to a>2l,
already small inhomogeneous fluctuations result in an

instability of the homogenous state for T < T2
c, i.e. we have

a direct transition from the completely stable to the com-

pletely unstable regime at the critical temperature T= T2
c.

In conclusion, we would like to note that our model of

collective ion channel dynamics only sketches some basic

features of structure formation in excitable biomembrane

systems. There is no doubt, that in the real living cells, a

more complex behavior among the ion channels occurs, and

may depend on numerous influences beyond a quantitative

description. One especially interesting direction of the fur-

ther development is analysis of the possible orchestration of

ion channel fluctuations by a cytoskeleton in a cooperative

manner [8,9] in a squid’s giant axons. The first step is to

analyse subthreshold dynamics in periodically stimulated

axons [10] in the framework of our model. Our next step

would be the study of channels noise in neurons of the

superficial medial entorhinal cortex, which are responsible

for delivering information to the hippocampus via the

perforant path. These neurons exhibit subthreshold oscilla-

tions in membrane potential at a frequency 8 Hz [11].

We hope that our model may give rise to further inves-

tigations in this exciting field of bioelectrochemistry.
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